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“Factors, Arrays, and Commutativity”
Answer Key
Handout 1: “Commutative Operations”

1. The number 24 has four pairs of factors:  

2. Division is not commutative. Demonstrate with an example, such as 10 ÷ 5 = 2 but 5 ÷ 10 = 0.5.

3. There are 5 pairs of factors:

36 x 1

18 x 2

12 x 3

9 x 4

6 x 6

4. The two factor pairs of 91 are:

91 x 1

13 x 7


The question of which numbers to test is tricky. Many students think they must go half way to 91 (i.e. 46). Rather, they must go up to the closest integer square root of the number because as one factor increases the other decreases. It is unlikely that students will be able to reason that you only need to test up to the square root of a number. However, this is something that students at sixth grade can understand with a bit of explanation.

Most students will say that you need to test up to the number that is half of the number whose factor pairs you are looking for. For example, let’s take the case of trying to find all the factor pairs of 24. One systematic way to find all of the factor pairs is to try all numbers from 1 to 24. If we did this then we would get:

24 / 1 = 24

Yes
24 = 24 x 1
24 / 2 = 12

Yes
24 = 12 x 2
24 / 3 = 8

Yes     24 = 8 x 3 
24 / 4 = 6

Yes
24 = 6 x 4
24 / 5 = 3.8

No
24 / 6 = 4

Yes
24 = 4 x 6
24 / 7 = 3.4

No
24 / 8 = 3 

Yes
24 = 3 x 8
24 / 9 = 2.67

No
24 / 10 = 2.4

No
24 / 11 = 2.18
No
24 / 12 = 2

Yes
24 = 2 x 12
24 / 13 = 1.8

No
24 / 14 = 1.7

No
24 / 15 = 1.6

No
24 / 16 = 1.5 
No
24 / 17 = 1.4

No
24 / 18 = 1.3

No
24 / 19 = 1.2

No
24 / 20 = 1.2

No
24 / 21 = 1.14
No
24 / 22 = 1.09
No
24 / 23 = 1.04
No
24 / 24 = 1 

Yes
24 = 1 x 24


Try writing out an example like the above for students. They should be able to see that you could have stopped testing at 12. However, there is a number that is a perfect stopping point. Let’s look at the factor pairs of 24

24 
and
1
12 
and
2
8 
and 
3
6 
and 
4
4 
and
6
3
and 
8
2
and 
12


Ask students if they notice something about the factor pairs. They should answer that, like Harry, they have found out that the factor pairs eventually begin to reverse themselves. Ask them to see if they can find out when the order starts to reverse themselves by trying to find the factor pairs for 12, 18, 20, 28, 36, and 40 and writing out the associated division and multiplication facts. Some teams might notice that once the 
quotient is smaller than the number we’re testing then we can stop. For example, in the case of 24


24 / 4 = 6 (4 < 6)
24 / 5 = 3.8 (5 < 3.8), stop!

[image: image3.emf]
This will work every time because once the quotient is less than the number we’re testing we have already found those pairs because from now on our factor pairs begin to reverse. Now, challenge students to see if they we can calculate this number. 

To get students to see that it is the square root, first convince them that all the factors of 24 can be drawn as rectangles with area 24:

Since we know that 24 factors into [image: image5.emf]4 6 8 12 24

4

6

8

12

24

3

3

24

24

 once we have gotten to the square, any other rectangles that we find are just reversals of the rectangles that we have already found. Once you find this “middle point” and you make your first factor larger than [image: image2.emf]24

, the second factor must get smaller to ensure that the product stays constant at 24. This is true of any number n that you are trying to find factor pairs for. You need only test up to the square root of n.

Assessment Level A

1. 42 x 1
21 x 2
14 x 3
7 x 6 (we can stop here because we need not test any numbers larger than the square root of 42 which is 6.4031)

2a.
72 x 1
36 x 2
24 x 3
18 x 4
12 x 6
9 x 8 (we can stop here because the square root of 72 is 8.4853)

2b.
54 x 1
27 x 2
18 x 3
9 x 6 (we can stop here because the square root of 54 is 7.3485 and 7 is not a factor of 54)

2c.
225 x 1
75 x 3
45 x 5
25 x 9
15 x 15 (we can stop here because the square root of 225 is 15)


Assessment Level B
18 x 1 x 1
9 x 2 x 1

6 x 3 x 1
3 x 3 x 2
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